We derive the exact ground space of a family of spin-1/2 Heisenberg chains with uniaxial exchange anisotropy (XXZ) and interactions between nearest and next-nearest-neighbor spins. The Hamiltonian family, H eff (Q), is parametrized by a single variable Q. By using a generalized Jordan-Wigner transformation that maps spins into anyons, we show that the exact ground states of H eff (Q) correspond to a condensation of anyons with statistical phase φ = −4Q. We also provide matrix-product state representations of some ground states that allow for the efficient computation of spin-spin correlation functions.
+ s The eigenstates of s z j represent the singlet and the triplet of the j-th dimer Hamiltonian.
In this Letter we derive the exact ground states of H eff (Q) for ∆ ν = cos(νQ) and J 1 = −4J 2 cos Q, with 0 ≤ Q < π. If Q = π/2 the model reduces to two decoupled ferromagnetic Heisenberg chains whose exact solutions are known [20] . Consequently, if the number of effective spins in the ladder is L, the ground-space dimension is (L/2 + 1) 2 or (L + 3)(L + 1)/4 for even or odd L. We will prove that the ground-space dimension is independent of Q for a special choice of open boundary conditions. Some of the ground states are product states |s θ (Q) , in which the spins are aligned according to a canted spiral of wave vector Q and arbitrary canting angle θ [21] (see Fig. 2 A). |s θ (−Q) are also ground states due to spatial inversion symmetry: H eff (Q) = H eff (−Q). The long-range spiral order is manifested by the spatial dependence of spin-spin correlations that oscillate with constant amplitude and wave-vector ±Q (see Fig. 2 
B).
States with spiral order can be represented as BECs by mapping spin-1/2 operators into hard-core bosons via the Matsubara-Matsuda (MM) transformation [22] : b † j = s exclusion. The BEC states
span the ground space with spiral order [21] . |∅ is the vacuum or empty state that corresponds to the fully-polarized state |↓ . . . ↓ in the spin language and n is the number of single bosons with momentum ±Q. |ψ n (Q) and |ψ n (−Q) are usually non-orthogonal but linearly independent. Finding all BEC states for Q = 0 requires to consider adequate linear combinations of |ψ n (Q) and |ψ n (−Q) before taking the limit Q → 0. 
with 0 ≤ n, m ≤ L/2, provide a natural generalization of the BEC states in Eq.
(
L is the operator that creates an anyon with momentum k and c φ is the normalization constant. The limit in Eq. (2) is necessary to avoid a trivial cancellation due to a generalized Pauli exclusion principle: (ā † k ) p = 0 for φ = 2π/p and p an integer greater than 1. The statistical phase does not play a
However, the same limiting procedure leads to states that are qualitatively different from a double-Q BEC,
As n+m is not preserved, the particle-number symmetry is spontaneously broken. Therefore, we refer to the physical phenomenon characterized by such states as anyonic condensation and to |ψ n,m (Q) as AC states. The physical properties of ACs are better understood if we first consider the action of a † j . Besides polarizing the j-th spin, such operator creates a "phase kink": it rotates the spins on the left of j by an angle φ along theẑ axis. The phase kink gives rise to the anyonic statistics that is absent in the MM transformation. Consequently, the ground stateā † Q |s θ (−Q) corresponds to a phase soliton attached to a boson that propagate with momentum Q across the spiral -see Fig. 3 A. In general, the ground states
n |s θ (−Q) will correspond to a condensation of solitons. To demonstrate that |ψ n,m (Q) is a ground state of H eff (Q), we rewrite the H eff (Q) as
where the Π j (Q) are projectors acting on triangular plaquettes [21] . These projectors are
where |ξ The AC states satisfy
The limit in Eq. (4) removes the prefactors that arise from exchanging two anyons with same momentum. This is necessary to avoid a trivial cancellation of (ā † ±Q ) n caused by the generalized exclusion principle. In particular, the limit implies that
We now consider the terms in Eq. (4) 
This equality follows from Finally, we analyze the case for which only two indexes of {j q } q ∪ {l r } r are in v p . If the two indexes are either in {j q } q or {l r } r , we can use a similar argument as the one above to show that Π p (Q) acts trivially in the particular sum of states. We then analyze the case for which one of the indexes in v p is in {j q } q and the other one is in {l r } r . We label these indexes by j i and l h , respectively. If we fix all the remaining indexes and consider the sum of terms over the six possible values of (j i , l h ), the resulting state satisfies
where φ is the anyonic statistical phase. This condition is satisfied for φ = −4Q.
For even L, H eff (π/2) corresponds to two decoupled ferromagnetic Heisenberg chains of length L/2. The ground space is spanned by the linearly independent states |ψ n,m (π/2) , with 0 ≤ n, m ≤ L/2, and the ground space dimension is (L/2 + 1) 2 . Because the AC states are analytic in Q, the set {|ψ n,m (Q } n,m remains linearly independent and the dimension of the corresponding subspace does not change with Q. (Numerical calculations suggest that these are all possible ground states.) The states |ψ n,m (Q) and |ψ m,n (−Q) become equal for Q → 0. However, it is possible to obtain two linearly independent states by taking a proper limit of linear combinations of |ψ n,m (Q and |ψ m,n (Q . For instance,
is also a ground state of H eff (0). The difference between ACs and BECs is evident from their single-particle correlation functions. The two-point correlator exhibits long-range order, lim r→∞ | s (Fig. 1 B) . In the anyonic language, the operator s + j s − j+r maps to exp{iφN jr }a † j a j+r , where N jr = j≤l<j+r a † l a l counts the number of anyons between sites j and j + r. Then, the large fluctuations of N jr present in an AC translate into large fluctuations of the relative azimutal phase between spins j and j + r -see Fig. 3 A. If we assume that the probabilities of having anyons in different sites are roughly independent of each other, we obtain s
r for large r and ρ = n/L. This simple analysis suggests that the two-point correlator in the ACs decays exponentially in r -see Fig. 3 B.
Spin-spin correlations can be efficiently computed by introducing matrix-product state representations for the ground states that are invariant under translation [23, 24] . These states are represented as
where each A σj (Q) is a matrix associated with the j-th spin in the ladder and σ j ∈ {↑, ↓}. Correlation functions can be computed analytically or numerically in this representation by a contraction of a tensor network [25] . The translationalinvariant ground states of the matrix-product form of Eq. (5) satisfy
The action of Π p (Q) on |ψ(Q) outputs another matrixproduct state whose three-spin tensor, associated with v p , is
= σp−1,σp,σp+1
and τ, σ ∈ {↑, ↓}. Equation (7) follows from the contraction of a tensor network [25] . B τp−1,τp,τp+1 (Q) = 0 for all τ p−1 , τ p , τ p+1 is a sufficient condition to satisfy Eq. (6) . It follows from the definition of |ξ σ p that:
These equations are satisfied if
Equations (8) are also satisfied for Q = 2π/3 if A ↑,↓ (2π/3) are the matrices that correspond to a ground state of the well-known Majumdar-Ghosh model [26] .
Solutions for Q = 2π/p, with integer p, are given by
The complex constants a and b are arbitrary and the corresponding states span the full translational-invariant ground subspace. Z p and X p are p-dimensional unitary matrices that satisfy Z p X p = e −iQ X p Z p . This condition resembles the anyonic nature of our solutions whose statistical phase is φ = −4Q. For example, Z p is the diagonal matrix and X p is the cyclic permutation that generate the finite Heisenberg or generalized Pauli group of order p 2 [27] :
and ω = exp(i2π/p). Few-spin correlators can be numerically obtained with a low computational cost that is polynomial in p [24] . For instance,
and
. We used Eq. (9) and Gram-Schmidt orthogonalization to compute the exact spin-spin correlator in Fig. 3 B and confirm the expected exponential decay for ACs.
Finally, it is interesting to note that the particular ground state solutions (1) imply that the scattering length of two bosons with momenta k and k goes asymptotically to zero for k, k → Q or k, k → −Q. However, the boson-boson scattering length remains finite if k → Q and k → −Q. In contrast, our general ground state solutions given in Eq. (2) imply that the scattering length of two anyons with momenta k and k goes asymptotically to zero in both cases:
. This implies that the low-energy excitations on top of the condensate are quasi-free anyons.
In summary, we have introduced the notion of anyon condensates as a generalization of BECs. By using a natural extension of the Jordan-Wigner transformation, we have shown that that the AC states (2) are the exact ground states of a family one-dimensional XXZ magnets with nearest and nextnearest-neighbor exchange interactions. ACs spontaneously break the particle-number conservation symmetry and correspond to a condensation of topological defects. We have also provided a matrix-product representation for the translationalinvariant ground states, which allows for the efficient computation of correlation functions. These states also satisfy an area law, which is rather common in frustrated systems, and results in an upper bound on the entanglement entropy [28] . The exponential decay obtained for the single-particle correlator in the AC states is a natural consequence of the topological nature of anyons. Since each anyon is a bound state of a boson and a phase soliton, the large fluctuations in the anyon number that characterize an AC state lead to large phase fluctuations. This behavior is qualitatively different from the bosonic limit (BEC) in which particle number and phase are conjugate variables and large number fluctuations lead to long-range phase coherence.
Work at LANL was performed under the auspices of the U.S. DOE contract No. DE-AC52-06NA25396 through the LDRD program. 
